We characterize the sensitivity of imaging properties of a layered silver−TiO 2 flat lens to fabrication inaccuracies. The lens is designed for approximately diffraction−free imaging with subwavelength resolution at distances in the order of a wave− length. Its operation may be attributed to self−collimation with a secondary role of Fabry−Perot resonant transmission, even though the first order effective medium description of the structure is inaccurate. Super−resolution is maintained for a broad range of overall thicknesses and the total thickness of the multilayer is limited by absorption. The tolerance analysis indicates that the resolution and transmission efficiency are highly sensitive to small changes of layer thicknesses.
Introduction
A single silver slab is a basic plasmonic super−resolving imaging element which was thoroughly investigated theo− retically and experimentally [1] [2] [3] . Thanks to the excitation of surface plasmon polaritons at the boundaries of the slab, evanescent waves become included in the image formation process. This makes it possible to break the diffraction limit in the near field at the visible or near−UV wavelengths and to construct simple super−resolving lenses with potential applications in nanolithography and proximity printing.
Several architectures of plasmonic lenses operating in the far−field were also investigated [4] [5] [6] [7] [8] . Since the evanes− cent field vanishes from the spatial spectrum of the object during propagation to the far−field, these lenses are either subject to an ordinary diffraction limit [5] or depend on the coding of the evanescent waves into lower spatial frequen− cies followed by an inverse decryption process at the de− tection stage [6] [7] [8] .
In this paper, we focus on another kind of plasmonic super−resolving flat lenses consisting of metal−dielectric multilayers (MDMs) [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Their operation is attributed to the strong coupling between surface plasmon modes excited at the adjacent metallic layers. This coupling provides a mechanism for transmission of evanescent waves over larger distances ranging up to several micrometers. Such thick lenses combine large transmission efficiency with sub− wavelength resolution and are interesting from the point of view of constructing optical interconnects, optical cloaks, novel cavity designs, or other imaging devices for nano− optics. For sufficiently thin layers, a homogenised model of the structure becomes valid and super−resolution may be seen as the result of a strong effective anisotropy of the structure [9, 12, 20, [23] [24] [25] . For instance, the canalisation re− gime [18, 24, 25] may be explained without an explicit refe− rence to negative refraction or amplification of evanescent waves. For the sake of completeness, we note that in the UV and extreme UV ranges, MDMs can be replaced by similar structures consisting of semiconductors such as GaP and dielectrics [26] .
In this paper we present the results of a tolerance analy− sis of an MDM consisting of silver and TiO 2 . We characte− rise the resolution and transmission efficiency referring to the figures of merit which are the width of the point spread function (PSF, Refs. 27 and 28) and the intensity transmis− sion coefficient T, respectively. We present a systematic ana− lysis of the sensitivities of resolution and transmission on the major parameters which define the structure for a broad range of the thicknesses of the MDM. We assess the significance of the parameters which define the structure to the expected properties of the fabricated MDM.
Numerical characterisation of super-resolving
properties of MDM
Numerical modelling of MDM
A variety of frequency−domain and time−domain numeri− cal methods may be used to model light transmission through metal−dielectric multilayers. Most of the numeri− cal results presented in this paper are obtained using the transfer matrix method (TMM). They are compared with the ones obtained by the method of single expression (MSE), the finite difference time domain method (FDTD), and the simplified approach based on the effective medium theory (EMT).
The multilayer structures consist of dispersive and ab− sorptive isotropic materials. We consider a CW coherent illumination, a planar two−dimensional geometry as shown in Fig. 1 , and optically linear materials so that it is straight− forward to use frequency−domain modelling. The actual challenge is in the accurate modelling of the super−resolving properties of the multilayer. The subwavelength size of the object, which is imaged by the near−field propagation through the structure, has to be included in the simulations through a careful choice of the incidence conditions. In an optical experiment, the source could be realised with a sub− wavelength slit in a mask, a tip of a SNOM probe, a tapered fibre coupled to the lens input plane or a subwavelength size plasmonic waveguide. Such an element could be in princi− ple included in the FDTD simulations but not in the TMM or the MSE ones. Instead, the TMM and the MSE provide information on the transmission of individual propagating or evanescent planewaves. This information is gathered to determine the transfer function (TF) of the multilayer and the corresponding point spread function (PSF) obtained as inverse Fourier transform of the TF.
In terms of Fourier optics, the imaging properties of any linear and shift invariant system (LSI, also termed as isoplanatic system), can be derived from the coherent amplitude point spread function PSF x ( ) or equivalently from the transfer function TF x ( ) of the system [27] [28] [29] . In our case, the transfer function is defined as a complex amplitude transmission coefficient $ ( ) t k x at the fixed parallel component k x of the wavevector of an incident propagating or evanescent plane wave, i.e., TF t k x º $ ( ). Note that we use a caret to indicate the one-dimensional Fourier transform and to distinguish the functions of k x representing spatial spectra from those of x representing spatial field distributions. For the TM polarisation, it is convenient to refer to the perpendicular component H y of the magnetic field as the simulation takes place in the x z -plane with imaging along the z axis perpendicular to the layer boundaries (see Fig. 1 ).
In effect, we define the amplitude transfer function
of the system as the ratio between the spatial spectra of the outgoing to the incident magnetic fields [31] , and a commercial im− plementation Crystal Wave tool by Photon Design Ltd., Oxford [32] . In both cases, we use a two−dimensional square Yee grid terminated with a PML, the Drude dis− persion model for the silver layers, and a current source representing a dipole (Crystal Wave) or Gaussian− −shaped beam (Meep). The Gaussian beam is further dif− fracted on a 3−nm aperture in a perfect electric conductor (PEC) attached to the multilayer to form an extremely narrow beam, useful in the demonstration of superre− solution (Meep). The discretisation step is equal to 1 nm, and is fine enough to correctly address the sizes of the layers in the stack. The time step is taken slightly below the Courant limit serving for 2D calculations. The MDM is separated from the PML, as well as from the source with air−gaps, which are necessary to assure the stability of simulation. The results of the FDTD simulations are analysed after reaching a steady state, when all transient effects have died out. The complex representation of the field is obtained by means of a simple spectral analysis. To estimate the PSF, a point dipole source is placed in close proximity (of about 35 nm) to the first interface. The transmission is calculated as the transmitted to the incident flux ratio, where the fluxes are evaluated at the 0.4−μm detector plates placed 10 nm away from the MDM, l method of single expression (MSE), MSE is a frequency domain method. It has been originally introduced in Ref. 33 for one−dimensional systems. More recently, it has been generalised for layered structures illuminated at oblique incidence [34] . We note that the MSE may be used with dispersive and lossy materials, with negative or complex values of permittivity. The relevant metal− −dielectric multilayer structure with negative permitti− vity of metallic layers has been already analysed by the MSE [35] . In the MSE, the boundary problem solution starts from the non−illuminated side of the structure ( ) z L = by reducing it to a Cauchy problem, i.e., to an initial value problem. Setting up the initial values, an in− tegration of the set of differential equations completely equivalent to the Helmholtz equation is carried out by using the Runge−Kutta numerical integration method in Merson's modification (the step size is changed auto− matically according to the given accuracy) towards the illuminated side ( ) z = 0 where the amplitude of incident field and power reflection coefficient are restored [33] . We have verified that for the MDM structures consid− ered in this paper, the transmission and reflection coeffi− cients calculated using MSE and TMM match up to the accuracy of the numerical floating point representation. Therefore, these two methods may be considered as equivalent. We note that the TMM is much faster than the MSE since it does not involve the Runge−Kutta nu− merical integration. In the MSE, the form of the wave− function inside particular layers is not introduced explic− itly. Therefore, the MSE may be seen as a more general method and for instance, it could be directly used for structures containing optically nonlinear materials [36] , l transfer matrix method (TMM), TMM is a popular and an efficient quasi−analytical modelling method well suited for analysis of one−dimensional layered struc− tures [37] . The calculations are repeated independently for planewaves with different angles of incidence. These results are further combined to construct the transfer function, and the PSF is calculated from the transfer function with a Fourier Transform. We use an imple− mentation of the TMM developed at the University of Warsaw. The algorithm involves some simplifications resulting from the periodicity of the analysed structure. The results presented in this paper do not depend on the choice between the direct transfer matrix multiplication scheme and the more stable scheme known as the sca− ttering matrix method, l effective medium theory (EMT), effective medium theory allows us to approximate a periodic multilayer with an equivalent homogeneous and anisotropic medium [9, 25] . The application of EMT is, however, limited to structures with a small size of the elementary cell compared to the wavelength. In Fig. 2 , we present a scheme of a homogenised structure from Fig. 1 . Optical properties of the effective medium are described with the uniaxially anisotropic effective permittivity tensor $ e shown in Fig. 2 . We calculate the transfer function and PSF of metal-dielectric multilayers in the approximation of effective medium using the transfer matrix method extended to anisotropic materials.
Definition of the super-resolving Ag-TiO 2 MDM
The multilayer consisting of Ag and TiO 2 has been prelimi− narily optimised for subwavelength resolution at the wave− length of l = 441 nm. The single period of the multilayer consists of a silver layer with the thickness d Ag = (20±2)nm and TiO 2 layer with the thickness d TiO 2 = (22±2)nm. At the wavelength l = 441 nm, the respective refractive index of TiO 2 is n TiO 2 2 47 0 02 = ± .
. [38] , while the refractive index and extinction index of silver are n Ag = ± 0 04 0 02 . . and k Ag = ± 2 562 0 007 . . [39] . We analyse the three variants of the multilayer presented in Figs. 1 and 2 . The symmetric variant shown in Fig. 1(a) has a symmetric elementary cell and contains thinner, symmetric dielectric layers at its exter− nal boundaries. The asymmetric variant shown in Fig. 1(b) contains a leftmost external layer made of TiO 2 , and an ex− ternal rightmost layer made of silver. Finally, Fig. 2 presents an equivalent slab made of a uniaxially anisotropic effective medium. The effective medium depends only on the filling fraction of silver in the structure, therefore the same effec− tive medium results from the homogenisation of the sym− metric and asymmetric multilayers. We analyse structures with the variable number of layers N. The information on the
will be used in Sect. 3.
An optimal layered lens can only be defined in the sense of a trade−off between several criteria. A solution to multi− −criteria optimisation problem in a trade−off sense is defined as such that it is not possible to improve any of the consi− dered criteria without deteriorating the values of the other ones. We note that the optimality in a trade−off sense repre− sents a class of solutions rather than a unique result.
The FWHM of the PSF or PSF 2 [22, 18] 
Optical properties of MDM structure
In Fig. 3(a) we show the dependence of the transfer function of the symmetrical multilayer on the number of periods N calcu− lated with the TMM. Clearly, a broad range of spatial frequen− cies corresponding to evanescent waves ( ) k k x 0 1 > , which is necessary to increase the resolution beyond the diffraction limit, is transmitted through the structure. Due to absorption, both the amplitude of the TF as well as the spatial frequency bandwidth rapidly drop with the increase in the number of pe− riods N. The same TF, including the information on the phase modulation is presented in Fig. 3 The resolution attainable with the MDM may be deter− mined from the width and shape of the point spread function [Figs. 3(c) and 3(d) ]. The width of PSF is in the order of l 10 and it broadens rather slowly with the number of periods.
In Fig. 4 , we present snapshots of FDTD simulations of the MDM. Figure 4 (a) shows the energy density calculated for a multilayer with 30 periods. For comparison, the trans− mission through an entirely dielectric structure of the same size is shown in Fig. 4(b) . These two intensity mappings provide clear evidence of the super−resolving properties of the MDM structure. Furthermore, Fig. 4(b) shows a cavity− like behaviour of a field in a resonator, while Fig. 4(a) clearly shows the channel−like transmission.
In Fig. 4(c) , we show the transmission of a subwave− length beam through the MDM. The beam is created by dif− fracting a broad Gaussian wavefront on a 3−nm aperture in PEC. While the coupling efficiency is small, this FDTD experiment illustrates the attainable resolution.
In Fig. 5 , we present the distribution of the electric and the magnetic field components E x and H y , as well as of the Poynting vector P z inside the structure. The field is calcu− lated using the MSE for a normally incident plane wave. Even though we observe local excitations of the magnetic field at the metal−dielectric boundaries, on average the field decays smoothly along the structure. The energy flux is con− stant within every dielectric layer and decreases in metallic layers.
The systematic analysis of the dependence of the trans− mission coefficient and the resolution on the number of pe− riods is summarised in Figs. 6(a), 6(b), and 6(c) and Figs. 6(d), 6(e), and 6(f), respectively. Here, the subfigures corre− spond to the symmetric, asymmetric, and effective medium variants of the stack. In Fig. 6(a), 6(b) , and 6(c), the reflec− tion coefficient is plotted alongside the transmission coeffi− cient. In Fig. 6(d), 6 (e), and 6(f), the resolution is characte− rized with both the FWHM of the modulus and squared modulus of the PSF. The first gives better information on the length of interference between images originating from neighbouring point sources and may be understood as a measure of two−point resolution, while the latter deter− mines the size of the intensity spot originating from a single point source. In spite of this usual meaning of these two measures, depending on the actual shape of PSF, there exist situations with the resolution of the system better than the FWHM of the PSF or PSF 2 [18, 22] .
Sensitivity of imaging properties of metal−dielectric layered flat lens to fabrication inaccuracies
We notice that the symmetric multilayer, when compared to the asymmetric one, is characterised by lower reflection coefficient, higher transmission coefficient, and better resolu− tion for any number of layers. The modulation of the trans− mission as a function of N due to Fabry−Perot resonances is also shallower for the symmetric structure. At the same time, the effective medium model significantly undervalues the transmission and does not predict the resolution properly. This is due to the large thicknesses of the layers. For thinner layers, with relative fractions of the two materials kept con− stant, the three situations would converge, giving the same re− sults. In fact, the three models would already show a good agreement for layer thicknesses reduced by a factor of 2. Such a situation is considered in Ref. 23 , where the reduction of Fabry−Perot resonances, along with the assumptions of im− pedance−matching and large effective anisotropy, are regarded as conditions for diffraction−free propagation.
It is illustrative to see, even using the inaccurate EMT model, how sensitive the properties of the MDM are to the changes in layer thicknesses. In Fig. 7 , we show the depen− dence of the FWHM of |PSF| 2 , and of the transmission T and reflection R coefficients on the ratio In Fig. 8 , we show how the respective transfer functions vary due to randomisation of d TiO 2 and d Ag , where a Gaus− sian probability density function (PDF) with s = 2 nm is as− signed to both d TiO 2 and d Ag . Both, the transmitted band− width and amplitude of the spatial spectrum are strongly af− fected and it is evident that the MDM is extremely sensitive to the precise values of the layer thicknesses. In the follow− ing section, we present a systematic sensitivity analysis, nei− ther limited to the EMT approximation, nor to the role of layer thicknesses.
Analysis of fabrication tolerance
In this section, we assess the sensitivity of the layered su− perlens to the values of parameters originally used to define the structure. Namely, we calculate the sensitivities of the transmission coefficient T and of the resolution FWHM ( ) introduce the following dimensionless definitions of sensitivities
where,
These sensitivities measure the relative change of T and FWHM due to the relative change of V i in the range of their linear interdependence
Furthermore, the hypothesis of statistical independence of V i yields the following expressions for the total errors
. (7) We have calculated the sensitivities h V h V 
1 . It is unlikely that the first order appro− ximation used in Eqs. (4)- (7) remains valid for the fabrica− tion uncertainties which we assume. Therefore we decided to include a Monte−Carlo type analysis to estimate DFWHM and DT, where we no longer demand that the uncertainties DV i have to be small. We proceed with assessing the importance of the fabri− cation accuracies by extracting statistical data from a repe− ated calculation of T and FWHM PSF ( ) 2 with randomised input data. In this approach, we assume that for each layer separately, the material permittivity and its thickness are random with a Gaussian probability density function (PDF). 
Conclusions
We characterize the sensitivity of a layered silver−TiO 2 flat lens to fabrication inaccuracies. The MDM is designed for imaging with subwavelength resolution [see Fig. 6 (d), 6(e) and 6(f)] at the wavelength of 441 nm. Its operation may be attributed to self−collimation. The role of Fabry−Perot reso− nances appears to be of a secondary importance. The sym− metric variant of the multilayer, when compared to the asymmetric one (see Fig. 1 ), is characterised by higher transmission coefficient, lower reflection coefficient, and better resolution for any number of layers (see Fig. 6 ). The EMT model significantly undervalues the transmission and does not predict the resolution properly. The resolution attainable with the MDM may be determined from the width and shape of the PSF and is in the order of l 10 and broa− dens rather slowly with the number of periods (see Figs. 3  and 6 ).
The tolerance analysis indicates that the resolution and transmission efficiency are highly sensitive to very small changes of the layer thicknesses (see Figs. 9, 10, and 11 The assumed values of the uncertainties for the parame− ters defining the multilayer are realistic or optimistic in the case of the material permittivities. The resulting uncertain− ties of the transmission coefficient T are of the order of 25-50%, while that of the resolution measured with the FWHM of PSF 2 are in the order of 50-70% (see Fig. 11 ).
We are not aware of any experimental demonstration of the superresolution being reported for thick MDMs such as the one considered in this paper. In view of the present work, such experimental realisation of a structure, with the proper− ties overseen by the numerical modelling, remains a sig− nificant challenge.
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